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1. It is well known [II that the approximate equations of motion of a 
rigid body about a fixed point in a central Newtonian force field 

dp A -&- + (C - B) qr = y’or” - 2’07’ + Q (C - B) T’7” 

d9 B~+(A-c)Pr=z’o~--‘o~“+a(A-c)~“~ 

dr 
C,,+(B-A)PP = I’& - Y’OT + c1 (B - A) 7r’ 

dy -& = ry’ - QT”, d$ = w” -q, g = 9”1 -_w’ 

( 
3s 

do = Mgzo, ~‘0 = Mgyo, 1’0 = Mgz0, a = E 
) 

(1.1) 

have three independent first integrals; the kinetic energy integral. the 

integral of the areas and the trivial integral 

Ap* + Bq’ + Cf - 2 (doT + Y’~T’ + z’o~“) + a (AT* + By’* + CT”*) = const (1.2) 

Am + 139-r’ + Cry” = tonsl, IO + 1’0 + y0 = i 

Since the system (1.1) does not contain the time t explicitely and 

since the last Jacobi multiplier is unity, we would be able to solve the 
problem by quadratures if we could obtain four independent first inte- 

grals which do not involve the time. The three independent first inte- 

grals (1.2) are algebraic. The two cases 

(1) ;eo = yo = 20 = 0, m A = B, x0 = y. = 0 

are the only cases when the system (1.1) was solved by quadratures. The 
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solutions are single-valued functions [Zf of time and all four algebraic 
first integrals are readily obtained. In the first case (which is analo- 
gous to Euler’s case in the classical problem of motion of a rigid body 
about a fixed point in a uniform gravitational field) the fourth integral 
iS 

A$ + Bq” + CG - c1 (BCy2 + ACT” + ABy’%) = eons1 

In the second case (which is analogous to Lagrange’s case in the same 
classical problem) the fourth integral is 

I = cons1 

The following question arises: under what other conditions is the 
existence of a fourth algebraic integral possible? 

We shall demonstrate that for the problem which vie consider the follon- 
ing theorem of Poincard [3,41 is applicable: the necessary condition for 
the existence of an additional algebraic integral of the system (1.1) is 
that the ellipsoid of inertia about the fixed point must be an ellipsoid 
of revolution. 

2. Introducing the new variables yl, y2, xl, x2, instead of p, q, y, 
y’ (assuming that A, B, C are distinct) 

y,= r/A(A -C)p+i1/13(U-C)q, 21 = -f + i-f 
-- 

ye= J~A(A- C)p-i fB(B- C)q, Ia = -r - if 

and replacing yl, ~1, z2, y”, t by Ayl, AZ,, hx,. Ay’: -it, where h is 
an arbitrary parameter, we transform the system (1.1) into 

&/s 
-- 

dt - c/ (A-w-Qry*+ 
AD 

dr A-B h 
-- 

c! dt - 4 J~A~~(A-C)(U-CC) 
(ye2 - Vy,Z) - -‘j- [zb (21 - 22) - iy’o elf 221 -t 

+ ?(A -B) (z12 - 23) 
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da I 
2 = - rz1+ T 

hn + Ya h/l - Ya 
JfA(A-C)+vB(B- C) Y 1 

xv1 + ?I2 hyt - 712 

Jhl((A-c)- 1/B(U--CC) r” I 

w 1 1 
A_ (hYl+ Y2) (z1- za) - 

.__ 

dl - 4 JfA(A-Cc) 41/U(U-Cc) 
@2/l - Yz) (ZI + z1) 

This system has the following first algebraic integrals: 

o.!/l + Yd2 _ (liY1 - ?/a? 
A-C 

u _ c + 4CP - 4h [z’e (~1 + zz) - iy’, (21 - zz) + 22’0r*] + 

+ h*a [A(q + z2)” - B (ZI - ~2)” j- 4C7”“] = h (2.2) 

A B 

21/A(A-CC) 
GYl+ Yz) (z1+ 4 - 

2 1/B(B -C) 

z1z* + p = hs 

where hl, hz, hj are arbitrary constants. 

(hy, - Ya) (ZI - 4 + Cry” = hz 

When Husson [5] proved the theorem of Poincare for the motion of a 
heavy solid about a fixed point in a uniform gravitational force field, 
he used the system of equations (2.1) with a = 0, and both in the system 
(2.1) and in its first integrals A was set equal to zero. The theorem 
applies also the the case when A # 0, because the right members of the 
differential equations and the first integrals are polynomials of yl, yg, 

,, 
Zl’ 2.2, rr y * A. 

Since at A = 0 the equations (2.1) and their first integrals are in- 
dependent of a, and since at A # 0. a # 0, the right members of the equa- 
tions (2.1) and the expressions (2.2) are polynomials in yl, y2, zl, z2, 

r, Y ‘: a, the proof of Husson applies also to our problem. 

Thus for the problem of motion of a rigid body about a fixed point 
under the action of a central Newtonian force field and with arbitrary 
initial conditions we have the following theorem of Poincard: if the 
ellipsoid of inertia about the fixed point is not an ellipsoid of revolu- 
tion then with the exception of the case x0 = y0 = z,, = 0, an additional 
algebraic integral of the system (1.1) cannot exist. 

BIBLIOGRAPHY 

1. Beletskii, V.V., Ob integriruemosti uravnenii dvizhenia tverdogo 
tela okolo zakreplennoi tochki pod deistviem tsentralnogo niuto- 
novskogo polia sil (On the integrability of the equations o,f motion 
of a rigid body about a fixed point under the action of a central 
Newtonian force field). Dokl. ACad.Nauk SSSR Vol. 113. No. 2, 1957. 



1696 Iu.A. Arkhangelskii 

2. Arkhangelekii, Iu. A., Ob odnoznachnfkh integralakh v zadache o dvi- 
Zhenii trerdogo tela v niutonovskom pole sil (On signel-valued 
integral8 in the problem of motion of a rigid body in a Newtonian 
foroe field). PMM Vol. 26, No. 3, 1962. 

3. Poincar4, 8.. Lcs Mithodes Nouuelles de la MGcanigue Cileste. Vol. 1, 
Ch. 5, 1892. 

1. Polabsrinovo-Kochina, P. Ia., Ob odnoznachnykh resheniakh i algebrai- 

chcskikh integralakh zadachi o urashchcnii tiazhelogo tcla okolo 

nspoduizhnoi tochki. Sb. Duizhcnie tuerdogo tela uokrug nepoduizh- 

noi tochki (On single-valued solutions and algebraic integrals 

about a fixed point. Synposiua Motion of a Rigid Body about a Fixed 

Point). Izd-ro Akad. Nauk SSSR, 1940. 

5. Husaon, Ed., SW un th6orime de H. Poincari relativement au nouvement 
d’un solid pesant. Acta Math., Vol. 31, pp. 71-88, 1908. 

Translated by T.L. 


